Excitation of K-shell electrons by electron impact 



A.V. Nefiodov a ' b and G. Plunien a 

^Institut fur Theoretische Physik, Technische Universitdt Dresden, 

Mommsenstrafie 13, D- 01 062 Dresden, Germany 

h 'Petersburg Nuclear Physics Institute, 

188300 Gatchina, St. Petersburg, Russia 
(Dated: Received February 1, 2008) 

Abstract 

The universal scaling behavior for the electron- impact excitation cross sections of the 2s states of hydrogen- 
and helium-like multicharged ions is deduced. The study is performed within the framework of non- 
relativistic perturbation theory, taking into account the one-photon exchange diagrams. Special emphasis 
is laid on the near-threshold energy domain. The parametrical relationship between the cross sections for 
excitation of multicharged ions with different number of electrons is established. 



PACS numbers: 34.80. Kw 



1. Investigations of excitation processes of atomic ions by electron impact are of fundamental 
importance. During last decades, the problem has been intensively studied within the framework 
of different sophisticated approaches (see the works and references there). The deduction 
of the universal scaling behavior of the differential and total cross sections, which allows one to 
establish the generic features of the excitation processes, is of particular interest. In this Letter, 
we solve the problem within the framework of the consistent non-relativistic perturbation theory, 
taking into account the one-photon exchange diagrams. Special emphasis is laid on the near- 
threshold energy domain, because it requires the correct treatment of the electron-electron and 
electron- nucleus interactions. 

2. Let us consider the inelastic scattering of an electron on hydrogen-like ion in the ground state, 
which results in excitation of a K-shell bound electron into the 2s state. We shall derive formulae 
for differential and total cross sections of the process in the leading order of non-relativistic per- 
turbation theory with respect to the electron-electron interaction. The nucleus of an ion is treated 
as an external source of the Coulomb field. In a zeroth approximation, the Coulomb functions 
are employed as electron wave functions (Furry picture). The incident electron is characterized 
by the energy E = p 2 /(2m) and the momentum p at infinitely large distances from the nucleus, 
while the scattered electron has the energy E\ = p\/(2m) and the asymptotic momentum p\. The 
energy-conservation law reads E = E\ + 3//4, where / = if /(2m) is the Coulomb potential for 
single ionization from the K shell, rj = maZ is the average momentum of the bound electron, m is 
the electron mass, and a is the fine-structure constant (h = 1, c = 1). Accordingly, the excitation 
process can occur, if E ^ 31/4. The parameter aZ is supposed to be sufficiently small (aZ <C 1), 
although we assume that the nuclear charge 2> 1. 

The process under consideration is described by the Feynman diagrams depicted in Fig. (TJ In 
the initial and final continuum states, the single-electron wave functions are denoted by ip p and 
ip Pl , respectively. Let us focus first on the asymptotic non-relativistic energies E within the range 
31/4 <C E <C m. In this case, E\ ~ E and the asymptotic momentum of the scattered electron is 
estimated as p\ ~ p ^> rj. Accordingly, one needs to take into account only the Feynman diagram 
depicted in Fig. [TJa). The contribution of the exchange diagram turns out to be suppressed by the 
factor of about (rj/p) 2 and, therefore, can be neglected. Then the amplitude of the process reads 

A = f (Mfx)(fx + M P )y 2 {^s\h){h ~ Mis) ( ff )8 ffa • (1) 

Note that the factor 4na originating from the photon propagator is shifted from the amplitude to 
the formula for the excitation cross section. 
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Since p ~ p\ 3> 77, the wave functions of both the incident and scattered high-energy electrons 
can be approximated by the plane waves (Born approximation). Integration over the intermediate 
momenta in Eq. (pQ) leads to 

A = N ^(-^)(^s\V lX \q) U _, (2) 



(f'\Vix\f) = (/ ,_ /)2 + A2 , (3) 

where N 2 S = if" j-K and q = p — p\ is the momentum transfer. After taking the derivative with 
respect to A, one should set A = 77. Since the amplitude © is a function of the square of the momen- 
tum transfer q 2 , it is convenient to introduce the dimensionless quantity x = {q/rj) 2 . Accordingly, 
the amplitude A can be cast into the form 

A = N ls N 2s ±rM, (4) 

M = (dw* (5) 

where A^| s = t^/ 71 " an d V2 = ? ?/2. 

The differential cross section for the ls-2s excitation is related to the amplitude dH) via 

da* s = (Anaf^\A\ 2 ^ 6 ( E ~ & ~ 3/ / 4 ) • ( 6 ) 

Here v = p/m is the absolute value of velocity of the incident electron. Equation © determines the 
energy and angular distributions of scattered electrons. The element of phase volume for electrons 
scattered into the solid angle dCli can be written as 

d 3 pi = mpi dEi dU\ = ir— dEidq 2 . (7) 

V 

Integrating Eq. © over the energy E\ yields 

a * a ° M2 a (a\ 
2s = Z4 2^% () 

Here o"o = vrag = 87.974 Mb, where ao = l/(ma) is the Bohr radius. The dimensionless function M 
is given by the expression ([5]). In Eq. ([8]), we have also introduced the dimensionless energy e = E/I 
of the incident electron. The energy-conservation law implies e = ei+3/4, where e\ = E\jl denotes 
the dimensionless energy of the scattered electron. 

To obtain the total cross section for the excitation of a K-shell electron into the 2s state, the 
expression (|8|) should be integrated over the variable x within the range from x\ = (p — Pi) 2 /r) 2 
to X2 = (p + pi) 2 1 'rj 2 . This integration can be performed analytically [5]. The leading high-energy 



contribution appears, while extending the integration from x\ = to x<i = oo. In this case, one 
obtains 



The quantity Z a\ s is a universal function of the dimensionless energy e of the incident electron. 
The universal scaling Q(e) does not account for the exchange effects and has a typical behavior for 
the excitation of states with the zeroth matrix element of the dipole transition [g]. Equation (jlOp 
holds true only within the asymptotic non-relativistic range 3/4<£< 2(aZ)~ 2 . 

Within the near-threshold domain, both the initial and final electron momenta p and p\ are of 
the order of a characteristic atomic momentum rj. Correspondingly, the process occurs at atomic 
distances of the order of the K-shell radius. This implies that the Coulomb wave functions for both 
discrete and continuous spectra should be employed already in zeroth approximation. In this case, 
the direct and exchange Feynman diagrams depicted in Fig. [T] are expected to give comparable 
contributions to the excitation cross section. 

Since the general method for evaluation of the Coulomb matrix elements has been already 
described in details in Ref. [3], we present here the explicit expression for the amplitude A = Yl 



a 2s = -771 Q( £ ) 



0) 




(10) 
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without derivation. The individual contributions of both diagrams in Figs. QIa) and (b) read 

A = N 1s N 2s N p N p1 \m & 5 6 , (11) 
r]° r i T i r 2 T 2 

A h = N u N 2s N p N pi - E M h S,5, (12) 

7]° T 2 T 1 r l T 2 

8vr 3 1 f dx / -x \« { S 2 ^ 2<9$ M 



M - = Y^t-y— ) w-iftfti^- (13) 

M b = -£ r c^i / */ / ^$(y)$i(y)iA= f , (14) 

7T O^OAJq J | C=«/a 

$ . ((n 1 x-n(l-x)) 2 -(x + ^) 2 )^ 1 - 1 
M ((l-x) 2 -(x + x + i/x) 2 )^ 

•(y) - ((n ^ )2 + C2) T, d6) 
(y 2 -(i + <) 2 r ? 



(y 2 - (x + zA) 2 ^ 1 



r ? = l + |^, x= Vl-3/(4e), (18) 
n = - , m = — , f = - , (19) 

p pi y 

{ = 7r ft = ^r = 7?^l7f (20) 

In Eq. (|13p . the integration contour 7 is a closed curve encircling counter-clockwise the points 
and 1. After taking the derivatives in Eq. (|13p with respect to the parameter //, one should set 
/i = 3£/2. In Eq. (|14|) . after taking the derivatives over A and £, the parameters should be set 
equal to A = £ and ( = £/2, respectively. The quantities Tj 2 and t[ 2 denote the spin projections 
of the Pauli spinors in the initial and final states, respectively. 

The formulae (llip -( |2"TI) define the amplitude A = A/3 of the electron-impact excitation, in 
which the initial and final electrons are characterized by definite polarizations. However, one is 
usually interested in the processes, in which the initial particles are not polarized, while polariza- 
tions of particles in the final state are not measured. Accordingly, the differential cross section ([6]) 
should be averaged over the polarizations of the initial electrons and summed over the polarizations 
of the final electrons. This can be achieved by means of the following substitution 



T 1' T 1 T 2' T 2 

where summations are performed over the electron polarizations in both the initial and final states. 
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The angular distribution of the scattered electrons is given by 




(23) 



F(M) 



2 £ 2 T 



(24) 



T 



,9 3, 

M+ 2 + - M_ 



(25) 



Here the dimensionless functions M± = M a ± Mb, where particular contributions of the direct and 
exchange diagrams are given by Eqs. (1131) and (|14|) . respectively. Due to the azimuthal symmetry 
of the problem, the solid angle dQ,\ is just dQ,\ = 2irs'm8d9, where 9 is the angle between the 
vectors n and n\. 

The two-parameter function F(e,8), which is universal for the non-relativistic energies e of 
the incident electron within the range 3/4 ^ e -C 2(aZ)~ 2 and for any scattering angles ^ 
9 ^ 7r, is depicted in Fig. [2] within the near-threshold domain. In Figs. [3HH we present also 
the energy behavior of the function F(e,0) for a few particular angles 9 = 0, 7r/4, 7r/2, 37t/4, 
and 7r, respectively. As it is seen, for energies 3/4 ^ e < 1 the backward scattering is more 
preferable rather than the forward scattering. In this case, the correct account for both the direct 
and exchange diagrams appears to be extremely crucial. However, with increasing energy e, the 
situation changes rapidly to the opposite: the forward scattering becomes much more pronounced, 
while the backward scattering turns out to be negligible. At high energies e> 1, the dominant 
contribution arises from the direct diagram only. 

Integrating Eq. (|23|) over the solid angle yields the total cross section 



where F(e,9) is given by Eq. (|24p . The universal function Q(e), which describes the whole family 
of hydrogen-like targets with moderate nuclear charges Z, is depicted in Fig. [8j For comparison, 
we also draw there the high-energy scaling (|10p obtained within the framework of the Born ap- 
proximation. Although the latter is not applicable within the near-threshold energy domain, the 
plane- wave results appear to be in reasonable agreement with the exact predictions. For example, 
at the threshold energy = 3/4, Eq. (|2T|) yields Q(e t h) = 0.482, while according to Eq. (fT0|) one 
receives just Q(e th ) = 2 19 /(3 n 5) = 0.592. 

It should be noted that the behavior of the universal function Q{e) calculated according to 
Eq. (|27|) is relatively close to that presented in the work [4|. However, the numerical calculations 



(26) 




(27) 
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performed in Ref . [4 ] for different hydrogen- like ions within the framework of sophisticated methods 
exhibit a slight dependence on the nuclear charge even for the moderate values of Z . 

Just above the threshold, the \s-2s excitation cross section measured for the He + ion was 
found to be a\ s ja§ = 0.0128 [8J. Our prediction according to Eq. (f2^j) is equal to a^/ao = 0.03. 
The significant deviation of these results seems to be caused by the correlation corrections due to 
two-photon exchange diagrams, which have been neglected in the present consideration. 

3. Now we shall study the inelastic electron scattering on helium-like ion in the ground state 
followed by the excitation of a K-shell electron into the 2s state. To leading order of the non- 
relativistic perturbation theory with respect to the electron-electron interaction, one needs to 
consider only the Feynman diagrams with one-photon exchange. In this case, it is sufficient to 
take into account the interaction between two active electrons, which participate in the excitation 
process. The interaction with the second electron of target (spectator) is neglected, since it first 
contributes only in the next-to-leading order of the perturbation theory. Accordingly, the problem 
can be reduced to that studied in the previous paragraph. 

First, we shall obtain the cross section for impact excitation of helium-like ion into the ls2s 
configuration, when the energy terms with different spin multiplicities cannot be resolved exper- 
imentally. In this case, taking into account the number of target electrons, the cross sections for 
helium- and hydrogen-like ions are related as follows 

da* (Tie) = 2da\ s , (28) 

where da^ s ls given by Eqs. (j23j) - (|25j) . Integrating Eq. (|28l) over the solid angle dVL\ yields a similar 
relation for the total cross sections. 

Another situation occurs, if one can experimentally distinguish the excitations into the singlet 
2 1 S f and the triplet 2 3 S states of helium-like ion. The corresponding cross sections, da* (He) and 
dal (He), are given by the formulae similar to Eqs. (|23|) and (|24|) . where the dimensionless function 
T is given by 

( 2 

-|2M a - M b | 2 , singlet 2 l S state ; 
T = < 4 3 (29) 
2-\M h \ 2 , triplet 2 3 S state. 

Here the factor 2 accounts for the number of electrons in a helium-like ion. The factors 1/4 and 
3/4 are the statistical weights for the singlet and triplet states, respectively. The dimensionless 
functions M a and Mb are given by Eqs. (I13D and (|14j) . As it is seen, the excitation of the triplet 
2 3 S state occurs only due to the exchange interaction. In Figs. [Uland fTUl we present the universal 



functions F(e, 9) describing the energy and angular behavior of the differential cross sections for 
excitation of helium-like ion into the 2 1 S and the 2 3 S states, respectively. In Figs. [TT1 and [1~2"| the 
same functions F(e, 9) are given with respect to the dimensionless energy for the forward (9 = 0) 
and backward (9 = tt) scattering, respectively. Integrating the functions F(e, 9) over the solid 
angle yields the universal functions Q(s), which define the energy dependence of the total cross 
sections <r* t (He) (see Fig, [TB"]). The latter obey universal scalings similar to that given by Eq. ([26]) . 

The averaged cross section for excitation of helium-like ion into the ls2s configuration can be 
written as 

da* (He) = da* (He) + da* (He) , (30) 

which is consistent with Eq. (|28p . A similar relation holds true also for the total cross sections. 

Concluding, we have studied the inelastic electron scattering on hydrogen- and helium-like ions 
in the ground state followed by the excitation of a K-shell electron into the 2s state. The universal 
scaling behavior for the differential and total cross sections is deduced. As a method, the consistent 
non-relativistic perturbation theory is employed. Since the Feynman diagrams are calculated on 
the level of one-photon exchange, our results are valid for multicharged ions with moderate values 
of the nuclear charge Z. 
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FIG. 1: Feynman diagrams for excitation of the K-shcll electron by electron impact. Solid lines denote 
electrons in the external Coulomb field of the nucleus, while dashed line denotes the electron-electron 
Coulomb interaction. 
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FIG. 2: The universal function F(e,9) is calculated according to Eqs. (|24[) and (f2"5f with respect to the 
dimensionless energy e of the incident electron and the scattering angle 9. 
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FIG. 3: The universal function F(e, 9) is calculated according to Eqs. and for the particular 
scattering angle 9 — (forward scattering). 
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FIG. 4: The universal function F(e, 9) is calculated according to Eqs. (f!M]) and (p?5|) for the particular 
scattering angle 9 = ir/4. 
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FIG. 5: The universal function F(e, 9) is calculated according to Eqs. and for the particular 
scattering angle 9 = ir/2. 
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FIG. 6: The universal function F(e, 9) is calculated according to Eqs. and (l^5|) for the particular 
scattering angle 9 — 3-k/A. 
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FIG. 7: The universal function F(e, 0) is calculated according to Eqs. and (1^5)) for the particular 
scattering angle = it (backward scattering). 




FIG. 8: The universal scaling Q(e) is presented as a function of the dimensionless energy e of the incident 
electron. Dotted line, plane- wave approximation according to Eq. (|10[): solid line, exact calculation according 
to Eqs. JMD, (H>D, and d27]). 
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FIG. 9: The universal function F(e,6) describing the excitation of the singlet 2 1 S state of helium-like ion. 
The calculation is performed according to Eqs. ([2"1|) and (|29[) with respect to the dimensionless energy e of 
the incident electron and the scattering angle 0. 



F(s,9) 




FIG. 10: The universal function F(e,8) describing the excitation of the triplet 2 3 S state of helium-like ion. 
The calculation is performed according to Eqs. and (|29|) with respect to the dimensionless energy e of 
the incident electron and the scattering angle 9. 
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FIG. 11: The universal function F(e,6) is calculated according to Eqs. (f!M]) and ([25]) for the particular 
scattering angle 9 — (forward scattering). Solid line, excitation into the singlet 2 1 S I state; dotted line, 
excitation into the triplet 2 3 S' state. 
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FIG. 12: The universal function F(e,9) is calculated according to Eqs. ([2"if and (j2U)) for the particular 
scattering angle 6 — it (backward scattering). Solid line, excitation into the singlet 2 X S state; dotted line, 
excitation into the triplet 2 3 5* state. 
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FIG. 13: The universal scaling Q(s) is presented as a function of the dimensionless energy e of the incident 
electron. Solid line, excitation into the singlet 2 1 S I state; dotted line, excitation into the triplet 2 3 5* state. 
The calculations are performed according to Eqs. (|24p . (|2*7|) . and ([2"5|) . 
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